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This work deals with classical differential geometry of isotropic curves in the complex
space C4. First, we study spherical isotropic curves and pseudo helices. Besides, in this
section we introduce some special isotropic helices (type-1, type-2 and type-3 isotropic
slant helices) and express some characterizations of them in terms of É. Cartan equations.
Thereafter, we prove that position vector of an isotropic curve satisﬁes a vector differential
equation of fourth order. Finally, we investigate position vector of an arbitrary curve with
respect to É. Cartan frame by a system of complex differential equations whose solution
gives components of the position vector. Solutions of the mentioned system and vector
differential equation have not yet been found. Therefore, in terms of special cases, we
present some special characterizations.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
The notion of an imaginary curve is due to É. Cartan. This approach uses a complex variable to deﬁne a curve (for details,
see [8]). Thereafter, such curves are deeply studied by F. S¸emin [17]. In recent years, in the same space, researchers treat
some of classical topics in analogy with the curves in the Euclidean space [16,20].
In [7], the notion of an isotropic curve is extended to space C4. In this space, author constructs É. Cartan frame and
derivative equations by means of classical differential geometry methods.
The notion of a slant helix is due to S. Izumiya and N. Takeuchi [11]. They deﬁned that a curve ϕ = ϕ(s) with non-
vanishing ﬁrst curvature is called a slant helix in E3 if the principal lines of ϕ make a constant angle with a ﬁxed direction.
Thereafter, in the same space, spherical images, the tangent and the binormal indicatrix and some characterizations of such
curves are presented in [13]. And, recently, some further characterizations and position vectors of such curves are given in
[4,14], respectively.
In recent years, by the coming of theory of relativity, researchers extended some of classical differential geometry topics
to the Lorentzian manifolds. There exists a vast literature on this subject. For instance, about slant helices one can see
[2,3,5,6,12]. All those mentioned works have been based on the deﬁnition of slant helix deﬁned in [11] whose principal lines
make a constant angle with a ﬁxed direction until a paper about different kinds of a slant helix in the Euclidean 4-space
introduced by [18]. The authors introduce it using another frame vector (trinormal lines) of the tetrad of E4. Thereafter,
in [19], the authors studied space-like type-3 slant helices and gave some characterizations in Minkowski space–time. This
idea were treated by A.T. Ali and R. López [3] for timelike curves of Minkowski space–time by the name of B2-slant helix.
And, recently, same idea is studied for partially null and pseudo null slant helices in Minkowski space–time in [5].
In the present paper, ﬁrst we study spherical isotropic curves and pseudo helices in C4. And, we introduce type-1, type-2
and type-3 isotropic slant helices and present some characterizations of mentioned curves in terms of É. Cartan equations.
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prove that position vector of an isotropic curve satisﬁes a vector differential equation of fourth order. Thereafter, with the
same aim we establish a system of complex differential equations whose solution gives the components of the position
vector on É. Cartan axis is established. General solutions of the vector differential equation and the mentioned system have
not yet been found. Due to this, in view of a special solution, position vector of an isotropic cubic with respect to standard
frame of C4 is determined. Moreover, by means of some special solutions of it, some characterizations of the isotropic curves
with respect to É. Cartan frame are presented.
2. Preliminaries
To meet the requirements in the next sections, here the basic elements of the theory of imaginary curves in the space
C4 are brieﬂy presented (a more complete elementary treatment can be found in [7]).
Let xp be a complex analytic function of a complex variable t . Then the vector function
x(t) =
4∑
p=1
xp(t)kp,
is called an imaginary curve, where t = t1 + it2, x : C → C4 and kp are standard basis unit vectors of E4. In this space, the
curves, of which the square of the distance between the two points equal to zero, are called minimal or isotropic curves
[7,16,17,20]. An arbitrary vector ζ ∈ C4, is called an isotropic vector, if and only if ζ 2 = 0 for ζ = 0. Let s denote pseudo-
arclength (for details, see [7] or [16]), then, a curve is an isotropic curve if and only if
ds2 = dx2 = 0.
Denote by {e1, e2, e3, e4} the moving É. Cartan frame along the isotropic curve x in the space C4. This frame is deﬁned
as [7]
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
e1 = x′,
e2 = ix′′,
e3 = −β
2
x′ + x′′′, β = (x′′′)2,
e4 = μ(e1 ∧ e2 ∧ e3),
(2.1)
where μ is taken ±1 to make +1 determinant of [e1, e2, e3, e4] matrix. By this way É. Cartan frame becomes positively
oriented. Here, triple vector product e1 ∧ e2 ∧ e3 is the classical vector product expressed as in [1]. The inner products of
these frame vectors are given by
ei .e j =
⎧⎨
⎩
0 if i + j ≡ 1,2,3; Mod (4),
1 if i + j = 4,
−1 if i + j = 8.
Thus the vectors e1 and e3 are isotropic vectors; e2 is real and e4 is a complex vector. É. Cartan derivative formulas can be
deduced from (2.1) as follows
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
e′1 = −ie2,
e′2 = iκe1 + ie3,
e′3 = −iκe2,
e′4 = −Σ
(
κ ′′ + Σκ)e1 − Σκe3 + Σ
′
Σ
e4,
(2.2)
where κ = 12β is the pseudo curvature of the isotropic curve in the class C5 and Σ = ∓ i√β2+γ whereby γ = (x
(iv))2.
Here (′) denotes derivative according to pseudo-arclength s. In the rest of the paper, we shall suppose pseudo curvature is
non-vanishing except in the case of an isotropic cubic.
Isotropic hypersphere with center m and radius r > 0 in C4 is deﬁned by
S3 = {p = (p1, p2, p3, p4) ∈ C4: (p − m)2 = 0}.
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Recall that, in the Euclidean space, for an arbitrary curve α = α(s) lies on a sphere with center m, then (α − m)2 is
constant (hence all of its derivatives with respect to s are zero) and so we are led to the following deﬁnition of contact [15].
Deﬁnition 3.1. Let m and r > 0 be given and f (s) = (α − m)2. We say that α has jth order spherical contact with the sphere
of radius r and center m at s = s0 if
f (s0) = r2, f ′(s0) = f ′′(s0) = · · · = f ( j)(s0) = 0.
Note that the larger j is, the closer f (s) is to being a constant function and so the closer α is to lying on a sphere of
radius r and center m.
Theorem 3.2. There is no isotropic curve whose image lies on the isotropic hypersphere in C4 .
Proof. Let us suppose an isotropic curve x = x(s) which lies on the sphere with center m. We may express
x(s) − m = μ1e1 + μ2e2 + μ3e3 + μ4e4
for arbitrary functions μi(s) for 1 i  4. Due to complex frame vectors, we have
f (s) = [x(s) − m]2 = μ22 + 2μ1μ3 − μ24 = 0. (3.1)
This curve must satisfy contact condition of ﬁfth order. Differentiation of (3.1) yields, respectively,⎧⎪⎨
⎪⎩
f ′ = μ3 = 0,
f ′′ = −iμ2 = 0,
f ′′′ = −μ1 = 0.
(3.2)
A differentiation of (3.2) gives us
f (IV) = 1.
It is safe to report that f (IV) is nowhere zero. Thus, the isotropic curve x(s) does not satisfy contact condition of fourth
order. 
In the classical differential geometry, it is well known that, if an arbitrary curve’s tangent vector forms a constant angle
with a constant vector ﬁeld u, then, this curve is called an inclined curve or a general helix [15]. In the space C4, there does
not exist deﬁnition of angle between two arbitrary vectors. Due to this, in the light of the paper [17], we adapt deﬁnition
of a pseudo helix to C4 without concept of the angle:
Deﬁnition 3.3. An arbitray isotropic curve x = x(s) is called a pseudo helix or an isotropic helix, if it satisﬁes the following
relation
e1.u = constant,
where u is constant and nonzero vector.
Theorem 3.4. Let x = x(s) be an isotropic curve in the space C4 . The curve x is a pseudo helix if and only if
κ = constant. (3.3)
Proof. By the deﬁnition, we write
e1.u = constant. (3.4)
Differentiation of (3.4) gives us
−ie2.u = 0.
Thus we may express u as
u = λe1 + γ e3 + δe4. (3.5)
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derivative formulas, we have⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
λ′ − δΣκ ′′ − δΣ2κ = 0,
iλ + iγ κ = 0,
Σκδ = 0,
δ′ + δΣ
′
Σ
= 0.
(3.6)
We know that Σ = 0 and κ = 0. Since, by virtue of the third equation of (3.6), we have δ = 0. Besides, other equations yield⎧⎪⎪⎨
⎪⎪⎩
λ = c = constant = 0,
κ = constant,
γ = − c
κ
= constant.
(3.7)
The last equation of (3.7) gives us the desired result.
Conversely, let us consider a vector given by
u =
{
e1 − 1
κ
e3
}
c, (3.8)
for constant and nonzero c. Differentiating vector (3.8) and considering the differential of (3.3), we get
du
ds
= 0.
Therefore u is a constant vector. And then, considering an isotropic curve x = x(s), we have
e1.u = − c
κ
= constant.
This result follows that x = x(s) is a pseudo helix in C4. 
Corollary 3.5. The ﬁxed direction in the deﬁnition of pseudo helix can be taken as (3.8).
Here one can suppose pseudo helix as type-0 isotropic slant helix. Now, we shall introduce new isotropic slant helices
by the spirits of the papers [5,18,19].
Deﬁnition 3.6. An arbitrary isotropic curve x = x(s) is called a type-1 isotropic slant helix, if it satisﬁes
e2.u = constant,
for constant and nonzero u.
In further computations, we could not ﬁnd explicit characterizations for arbitrary type-1 and type-3 isotropic slant
helices due to long complex differential equations with variable coeﬃcients. Therefore, we shall present special cases for
them. With this aim, ﬁrst we adapt the deﬁnition of an isotropic cubic (see [17]) to the complex space C4 by:
Deﬁnition 3.7. An isotropic curve x = x(s) in C4 is called an isotropic cubic if pseudo curvature of x(s) is congruent to zero.
Theorem 3.8. Let x = x(s) be an isotropic cubic in the space C4 . If x = x(s) is a type-1 isotropic slant helix, then the axis of the curve
can be written
u = c
Σ
e4
for c ∈ C4 .
Proof. As in the proof above, it can be obtained with the help of the zero pseudo curvature. 
Deﬁnition 3.9. An arbitrary isotropic curve x = x(s) is called a type-2 isotropic slant helix, if it satisﬁes
e3.u = constant, (3.9)
for constant and nonzero u.
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of the curve form⎧⎪⎪⎨
⎪⎪⎩
κ = ∓ 1√
C2s
,
Σ = −3
4
s2.
(3.10)
Proof. By assumption, we ﬁrst write
e3.u = constant.
And therefore, we express u
u = e1 + ζe3 + ηe4. (3.11)
By the deﬁnition, we know  = c is constant. Then, differentiating both sides of (3.11), we have the following system of
equations⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
ηΣκ ′′ + ηΣ2κ = 0,
i + iζκ = 0,
ζ ′ − ηΣκ = 0,
η′ + ηΣ
′
Σ
= 0.
(3.12)
First we get ηΣ = c1 = constant. By means of second equation of (3.12), we write ζ = − κ . Using this in the third equation
of (3.12), we have
c
d
ds
(
1
κ
)
− c1κ = 0. (3.13)
Denoting C = c1c in (3.13), we express the solution of ordinary differential equation (3.13) as
κ = ∓ 1√
C2s
. (3.14)
Then, using (3.14) in the ﬁrst equation of (3.12), we obtain
Σ = −3
4
s2. (3.15)
So, we obtain (3.10).
Conversely, let us consider a vector given by
u = ce1 + c
κ
e3 + c1
Σ
e4 (3.16)
where c, c1 ∈ R. Here, it is clear to see that u is a constant vector and for an isotropic curve x = x(s) it can be written
e3.u = constant,
which implies that x is a type-2 isotropic slant helix in the space C4. 
Corollary 3.11. The ﬁxed direction in the deﬁnition of type-2 isotropic helix can be taken as (3.16).
Deﬁnition 3.12. An arbitrary isotropic curve x = x(s) is called a type-3 isotropic slant helix, if it satisﬁes
e4.u = constant, (3.17)
for constant and nonzero u.
Theorem 3.13. Let x = x(s) be an isotropic cubic in the space C4 . If x = x(s) is a type-3 isotropic slant helix, then the axis of the curve
can be written
u = c1e1 + (ic1s + c2)e2 +
[
c1
s2
2
− ic2s + c3
]
e3
for c1, c2, c3 ∈ C4 .
Proof. As in the proof above, it can be obtained with the help of the zero pseudo curvature. 
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Recently, a method has been developed by B.Y. Chen to classify curves by the solution of differential equations with
constant coeﬃcients with respect to standard frame of the space. This method generally uses ordinary vector differential
equations as well as Frenet equations. By this way, curves of a ﬁnite Chen type and some of classiﬁcations are given by the
researchers in Euclidean space or another spaces, see [6,9,10,21].
So, similar to mentioned method, we also study position vector of an isotropic curve by a vector differential equation.
Theorem 4.1. Position vector of an isotropic curve in C4 satisﬁes a vector differential equation of fourth order as follows
x(IV) − κx′′ − κ ′x′ = 0. (4.1)
Proof. Let x = x(s) be an isotropic curve in the space C4. Then, we know that Eqs. (2.2) hold. Considering the ﬁrst equation
of (2.2), we write
e2 =
e′1
i
. (4.2)
Substituting (4.2) to the second equation of (2.2), we get
e3 = e′′1 − κe1. (4.3)
And then, using (4.3) in the third equation of (2.2), we have
e′′′1 − κe′1 − κ ′e1 = 0.
And denoting x′(s) = e1, we have (4.1) as desired. 
The vector differential equation (4.1) is a characterization for the isotropic curve x = x(s). Via its solution, position vector
of an isotropic curve with respect to standard frame of C4 can be obtained. However, a general solution has not yet been
found. To form an explicit result, we give:
Let us suppose x = x(s) is an isotropic cubic. In this case, we know κ = 0. Eq. (4.1) transforms
x(IV) = 0
or in parametric form
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
x(IV)1 = 0,
x(IV)2 = 0,
x(IV)3 = 0,
x(IV)4 = 0,
where x = x(s) = (x1(s), x2(s), x3(s), x4(s)) is the position vector according to standard frame. Thus, we write
x = x(s) =
⎛
⎜⎜⎜⎝
s3
6 + α1 s
2
2 + α2s + α3
s3
6 + β1 s
2
2 + β2s + β3
s3
6 + γ1 s
2
2 + γ2s + γ3
s3
6 + ζ1 s
2
2 + ζ2s + ζ3
⎞
⎟⎟⎟⎠ ,
where αi, βi, γi, ζi ∈ C for 1 i  4.
5. Position vector of an isotropic curve with respect to É. Cartan frame
Let x = x(s) be an isotropic curve in the complex space C4. We may write position vector of this curve with respect to
É. Cartan frame as
x = x(s) = u1e1 + u2e2 + u3e3 + u4e4. (5.1)
Differentiating both sides of (5.1) and considering É. Cartan derivative formulas (2.2), we have a system of ordinary differ-
ential equations as follows
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
du1
ds
+ u2iκ − Σ
(
κ ′′ + Σκ)u4 − 1 = 0,
du2
ds
− u1i − u3iκ = 0,
du3
ds
+ u2i − Σκu4 = 0,
du4
ds
+ u4 Σ
′
Σ
= 0.
(5.2)
By virtue of the fourth equation of (5.2), we have u4.Σ = c = constant. We rewrite (5.2) as⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
du1
ds
+ u2iκ − c
(
κ ′′ + Σκ)− 1 = 0,
du2
ds
− u1i − u3iκ = 0,
du3
ds
+ u2i − cκ = 0.
(5.3)
Considering the system of Eqs. (5.2) and (5.3), we immediately arrive at the following theorems.
Theorem 5.1. Let x = x(s) be pseudo arclenghted isotropic curve in C4 . There is no isotropic curve which lies fully in the e3e4 subspace.
Proof. Let x = x(s) be pseudo arclenghted isotropic curve in C4. If we take components u1 = u2 = 0 in (5.3), it follows that
u3 = c = 0. This result contradicts with (5.1). Therefore, the curve cannot lie fully in the e3e4 subspace. 
Theorem 5.2. Let x = x(s) be pseudo arclenghted isotropic curve in C4 . The curves, which lie fully in the e2e4 subspace, have constant
pseudo curvature. Consequently, they are pseudo helices.
Proof. Let x = x(s) be pseudo arclenghted isotropic curve in C4. Then Eqs. (5.1) and (5.3) hold. Taking u1 = u3 = 0, ﬁrst we
have u2 = c1 = constant for c1 ∈ C . Using this in the third equation of (5.3), we obtain κ = c1c i = constant. By Theorem 3.4,
it means that the curve x = x(s) is a pseudo helix. 
Theorem 5.3. There is no isotropic curve which lies fully in the e1e2 subspace.
Proof. Let x = x(s) be pseudo arclenghted isotropic curve in C4. If we take u3 = u4 = 0 in (5.3), we have u1 = 0 and u2 = 0,
which is a contradiction. 
Theorem 5.4. Let x = x(s) be pseudo arclenghted isotropic curve in C4 . The curves, which lie fully in the e1e3 subspace have pseudo
curvature
κ = − s + c2
c3
,
where c2, c3 ∈ C . So, there are no pseudo helices in the e1e3 subspace of C4 .
Proof. Let x = x(s) be pseudo arclenghted isotropic curve in C4. Taking u2 = u4 = 0 in (5.3), we have u1 = s + c2 and
u3 = c3 = constant for c2, c3 ∈ C . Substituting this to the second and third equation of (5.3), we have κ = − s+c2c3 as desired.
By Theorem 3.4, the curve x = x(s) cannot be a pseudo helix. 
Theorem 5.5. There is no isotropic curve which lies fully in the e1e4 subspace.
Proof. The proof of this theorem can be easily obtained by taking u2 = u3 = 0 in (5.3). 
Theorem 5.6. Let x = x(s) be pseudo arclenghted isotropic curve in C4 . The ﬁrst component of the position vector of the curve with
respect to É. Cartan frame satisﬁes a third order differential equation
d
ds
[
1
iκ
d
ds
{
1
iκ
(
cκ ′′ + cΣκ + 1− du1
ds
)}]
− d
ds
(
u1
κ
)
+ 1
κ
(
cκ ′′ + cΣκ + 1− du1
ds
)
− cκ = 0. (5.4)
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The differential equation of third order with variable coeﬃcients (5.4) is also a characterization for the isotropic curve
x = x(s). By means of solution of it, position vector of an arbitrary isotropic curve with respect to É. Cartan frame can be
determined. However, a general solution of (5.4) has not yet been found. Due to this, for an explicit result, let us suppose
x(s) is an isotropic cubic. By this way, one can express:
Corollary 5.7. Let x = x(s) be an isotropic cubic. Position vector of x with respect to É. Cartan frame can be written as
x(s) = (s + π1)e1 +
(
i
s2
2
+ iπ1s + π2
)
e2 +
(
s3
6
+ π1 s
2
2
− iπ2s + π3
)
e3 + c
Σ
e4, (5.5)
where πi ∈ C, for 1 i  3.
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